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Fig. 6 Effect of injection gas on pressure distribution.

consider the effects of freestream density and nose radius in
its formulation; therefore, the low-density flow of the present
tests can be adequately represented by the theory.

The relative reduction in heat transfer measured on the
afterbody due to injection of the various gases is similar to
that in Fig. 5. The freon gases show the same heat reduction
effectiveness.

The effect of the molecular weight of the injected gas on
the surface pressure at the stagnation point and a representa-
tive point on the afterbody is shown in Fig. 6. At the stagna-
tion point, molecular weight and rate of mass addition have
no effect on the surface pressure. On the afterbody, molecu-
lar weight and injection rate have a very strong effect on sur-
face pressure. Note that the freon gases have the expected
individual effect of molecular weight on the increase in sur-
face pressure as contrasted with the equal effect of the freons
on the decrease in heat transfer with injection. The gases air
and argon (mol. wt. 28.9 and 40.0, respectively) show an
equivalent effect on the increase in surface pressure, whereas
each gas had a distinct effect on the reduction in heat transfer.
The inference is that the momentum thickness of the bound-
ary layer for both air and argon injection has the same effec-
tive distribution along the body.

Concluding Remarks

Agreement between theory and experiment was good for
the stagnation point heat transfer with helium, air, and argon
injection. The three freon gases showed an equal effect on
the reduction in heat transfer at the stagnation point; whereas
theory showed a small molecular weight effect.

The prediction of the heat-transfer distribution was good
over the whole cone for argon injection. Predictions of heat
transfer on the forebody with and without helium injection
were fairly good, and predictions on the afterbody were 40%
high with helium injection and about 25% high without injec-
tion. The lack of agreement with helium injection reflects
the disparity with no injection.

An inviscid surface pressure prediction, which had been
coupled to a nonsimilar boundary-layer theory, was generally
in good agreement with the measured surface pressure over
the whole blunt cone model for helium and argon injection
and for no injection.
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Influence of Gravity on the
Performance of a Conical

Vortex Separator

K. R. BURTON*
Convair Division of General Dynamics, San Diego, Calif.

Introduction

VORTEX separators are widely used for the separation of
the phases of a two-phase fluid and consist essentially of a

conical channel containing the swirling mixture. The heavy
particles are thrown to the wall, where a boundary layer forms
in the film of heavy fluid. Due to the potential motion of the
bulk of the fluid, a pressure field develops which induces a
secondary flow in the boundary layer. It is this phenomenon
that causes the flow of heavy fluid toward the small open end
of the cone and is responsible for the effectiveness of the
vortex separator. A gravity force, depending upon its direc-
tion, can either increase or reduce the swirl-induced flow.

Lawler and Ostrach1 discussed the effect of gravity on vortex
separators and defined a Froude number for qualitative
analysis of the relative strength of the gravitational and iner-
tial forces. Their analytical results were obtained by con-
sidering the body force to act on the heavy fluid, both within
and outside the boundary layer. Combining the pressure
gradient and body force terms allowed use of Taylor's original
solution2 for boundary-layer motion in a swirling conical flow.

This note differs from Ref. 1 in that the effect of gravity is
neglected in the thin region of heavy fluid outside the bound-
ary layer. Such an assumption allows explicit prediction
of the effect of a body force on the boundary-layer flow, and
results in definition of the limiting condition for use of a vortex
separator in an adverse gravity field.

Taylor's Swirl Problem

An incompressible fluid enters a conical tube tangentially
at the large end. The conical chamber, whose apex angle is
2«, is so designed that the axial component of velocity is small
compared to the swirl component. Except for a thin layer
along the wall, the velocity is given by Q/r, where r is the dis-
tance from the axis and 12 is the circulation.

The equations of motion with the usual boundary-layer
approximations are listed below, in spherical coordinates,
with the origin at the apex of the cone:
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Fig. 1 Coordinate system.

Received August 11, 1969; revision received January 21, 1970.
This work was performed under Contract NAS 1-8494, NASA
Langley Research Center. The author wishes to acknowledge the
helpful suggestions contributed by E. A. Evans.

* Senior Thermodynamics Engineer.



MAY 1970 TECHNICAL NOTES 957

+ (v/R)
The continuity equation is

(l/pK) dp/50 (2)
+ wu/R = (v/R2) d*w/t>6* (3)

(l/R) = 0 (4)

where R is the radial distance from the apex of the cone, 6
is the angle a radius vector makes with the axis, u is the radial
velocity, v is the component of velocity perpendicular to R,
p is the pressure, p is the density, and v is the kinematic vis-
cosity (v = M/p). The coordinate system is shown in Fig. 1.

Outside the boundary layer w = Q./R sin 6 and the pres-
sure is given by

p/p = -\ 122/E2 sin20 + const

Inclusion of Gravity Force

(5)

We depart from Taylor's equations by including an axial
body force which is positive in the direction from the apex
to the large end of the cone. The component of this force
normal to the wall is neglected and only the fluid in the
boundary layer is considered to be influenced by the body
force. Such an assumption is appropriate for a vortex sepa-
rator where the boundary layer consists of fluid with a density
greater than the fluid in the core, and very little of the heavy
fluid in the separator is found outside the boundary layer.
Equation (1) then becomes

1 dp
-R

Equations (2-4) are unchanged.
Equations (3) and (6) are integrated over the boundary-

layer thickness, from 6 = ato 0 = a — d/R. By substituting
the same velocity distribution expressions as Ref. 2, where
77 = R (a. — 6)/5, and d is the boundary-layer thickness, we
obtain

£.[(«I+fl'-
vsiaa /df

1 62 /„
2 fii (R

dE* RE* dd*dd*\ ( fi f i
dR(- Jo ̂  + Jo

-E vsma

(7)

(8)

The nondimensional parameter K is a result of the introduc-
tion of the gravity force term and is defined as

K ss 1 - (gRz sin2«

If the inlet velocity is defined as WQ = 0/Eo sin a, then the
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Fig. 2 Effects of gravity parameter G on boundary-layer
thickness.
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Fig. 3 Effects of gravity parameter G on mass flow rate.

parameter K can be written

K = I - (cosa/F)(R/RQ)*

where F, a Froude number, is defined as

F = PToVfio g
To nondimensionalize Eqs. (7) and (8), introduce

81 = (9)

We then arrive at two nonlinear ordinary differential equa-
tions with dependent variables E2 and E5i2 and independent
variable Ri

= -[98(1 - GR

- 49(1 -
——

! - 330

Ed,2
(10)

These differ from Taylor's equations in the term contain-
ing G. The factor G is a nondimensional relationship be-
tween the swirling inertial force and gravity force and is
defined as

G ESS 2.14 cosa/F

When G = 0 we have Taylor's original pair of equations.

Numerical Analysis and Results

Equations (10) and (11) have been integrated numerically
starting at Ri = 1 — A with the approximate values;

E2 = 19.1A (1 - G)
Ed,2 = -80 A

A plot of 5i vs Ri for selected G values is given in Fig. 2. The
curve f or G = 0 is in agreement with Ref. 2.

To determine the boundary-layer mass flow rate, we inte-
grate the M- velocity over the boundary-layer thickness:

m = 2irpR2 sina

Using the relationships dd = — (d/R)dij,

udO

/'Jo
and Eq. (9), we have

m = -(7r/6)pJSo^5i (Qv sina)-1/2

A nondimensional flow rate is defined as

M = m[-(7T/6)pJB0]~1(&' sina)-1/2 = Ed,
Values of Edi as a function of Ri from the solution of Eqs.
(10) and (11) are plotted in Fig. 3.
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In a favorable gravity field, the heavy fluid can be delivered
to the conical tube by gravity from an attached cylinder in
which the separation process is concentrated. Under adverse
gravity conditions, however, the separation process alone
must be relied upon for supply of heavy fluid to the cone.
The numerical results show that for values of G greater than
1.0, the boundary-layer flow reverses near the base of the
cone, and the heavy fluid cannot be transported by this
mechanism toward the apex. Thus, G = 1.0 is the limiting
condition for operation of a vortex separator in an adverse
axial gravity field.

It should be noted that values of G must be determined
by using the appropriate value for 0 in the heavy fluid. This
can be done by equating shear stress at the interface as in
Ref. 1, or by equating pressures and assuming slip at the sur-
fa.ce of the heavy fluid.
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Covariance Propagation
Via Its Eigenvalues and Eigenvectors

G. J. BlERMAN*
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Introduction

IN many applications of linear filter theory to navigation
analysis, it is important to propagate and update the

covariance in an accurate fashion. The square root formula-
tions presented in Refs. 1 and 2 were designed to improve
accuracy and maintain non-negativity of the covariance dur-
ing a Kalman update. One must, however, compute a square
root covariance at each update; since the covariance itself is
propagated in the interim. A notable exception to this
occurs when there is no dynamic noise, i.e., Q of Eq. (1) is
zero. In this case, the square root may be propagated by
means of the transition matrix.1

If during the covariance propagation, the accumulated
errors (because of the roundoff and/or the propagation
algorithm) cause it to lose its semidefmite character, then
the square root updating process may fail. Dyer and
McReynolds,4 introduce orthogonal transformations to
circumvent the difficulty (of propagating the covariance)
when dynamic noise is present. Their analysis was based
upon sequential techniques; but, if the dynamics of the
problem are time varying, it may be difficult to apply their
results.

Andrews3 presents an algorithm for continuous propaga-
tion of a triangular square root by means of differential
equations. The differential equations3 (5) appears difficult
to propagate because of the matrix inversion required at
each integration step. Further, his proposed update does
not preserve the triangular nature of the square root, so
that it is necessary to reinitialize the triangular square root
after each update.

Received September 18, 1969; revision received February
10,1970.

* Engineering Specialist, Systems Analysis Department,
Guidance and Control Systems Division.

In this Note, we present a method of propagating the co-
variance by means of differential equations for its time vary-
ing eigenvalues and eigenvectors.! Because the eigenvalues
are propagation variables, one can arrange the propagation
algorithm so that one is assured that the covariance will not
lose its positive semidefinite character. In addition, at an
update time, one can apply the square root updating pro-
cedures suggested in Refs. 2 and 3, since square roots are
expressed quite simply in terms of the eigenvector matrix
X and the eigenvalue matrix A; i.e., if C — XAX', A = Diag
(Xi, . . . , X»), then XA1/2F is a square root of C where A1/2 =
Diag (Xi1/2, . . . , Xn

1/2) and Y is any unitary matrix, because
C = Ci/^C1'2)'. It is hoped that the time history of the
eigenvalues and principal axes will give further insight into
the dynamics of the linear analysis.

Derivation of the Differential Equations Governing the
Eigenvectors and Eigenvalues of the Covariance

The covariance matrix we are concerned with can be de-
fined as the solution to

C = AC + (ACY + Q, C(0) = Co (1)
A is an n X n time varying matrix; C0 and Q are symmetric
n X n matrices; ( ' ) represents time derivative; and the
( ' ) denotes matrix transpose. The time argument is
omitted for ease of notation.

As pointed out in Bellantoni and Dodge,2 one may repre-
sent C by

C = XAX', X = (Xi, . . . , (2)
where A is a diagonal matrix whose elements are the eigen-
values of C, and the columns of X are the orthonormal eigen-
vectors corresponding to these eigenvalues. From its defini-
tion we have

and consequently,

XX' = E - identity

XX' + XX' = 0

Therefore,

x = xr, r = -x'x

(3)

(4)

(5)

Equation (5) reflects the fact that the columns of X are linear
combinations of the basis unit vectors Xi, . . . , Xn. Further,
applying Eqs. (3) and (4) to Eq. (5) results in

r = -(xryx = -r' (6)

i.e., F is skew-symmetric.
Let us now exploit the relationship involving X, A, and C,

Eq. (2). Consider the following self-explanatory equations:

A = X'CX
A = X'CX + X'CX + X'CX
A = r'X'cx + x'cx + x'cxr
A = -FA + X'CX + AF

(7)

Because of Eq. (6), the diagonal elements of F are zero, so
that the diagonal terms of Eq. (7) are

\i = X'iCX,-, i = 1, . . . , n (8)
These are the required differential equations for eigenvalue
propagation.

In the previous paragraph, the diagonal elements of Eq.
(7) were equated and this led to the differential equations for
the eigenvalues, Eq. (8). Equating the off-diagonal elements
will result in the evaluation of the I\y which define the differ-

t The derivation is patterned after that given by Kalaba
et al. in Ref. 5.


